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tl.  ABSTRACT 


Recent  developments  of  highly  maneuverable  missiles  capable  of  operating  at 
high  angles  of  attack  have  shcvm  that  large  unexpected  side  forces  and  yavang  r.c~ 
ments  occur  duetto  asj’mr.etric  vorte»  separation  from  a  slender  missile  body.  The 
objective  of  thiW  report  was  to  develop  a  mathematical  model  which  accounted  for 
the  viscous  effects  of  the  boundary  layer  fluid  that  sheds  as  discrete  vortices, 
and  to  predict  the  forces  and  moments  on  a  missile. 

'  -An  aerodynamic  model  in  the  crossflow  plane  based  on  von  Karman's  vortex 
street  theory  was  developed.  The  number  of  vortex  filaments  which  were  shed  and 
■the  positions  of  the  filaments  where  determined  from  experimental  data  as  a  func¬ 
tion  of  the  crossflow  Kach  number.  The  Strouhal  number  \ias  used  to  relate  time  in 
the  cro‘5sflovr  plane  vdth  time  to  travel  along  the  missile.  - 

Force  and  moment  equations  were  developed  using  a  2-D  complex  potential  flow 
field  in  the  crossflo'w  plane  v;hich  consisted  of  a  doublet  in  a  free  stream  (cross- 
flow  velocity)  and  a  vortex,  plus  its  image. 

These  equations  were  used  to  compare  transverse  forces  and  moments  with  ex¬ 
perimental  data  to  test  the  mathematical  theory.  The  trend  of  the  normal  (lift) 
forces  was  predicted;  however,  the  trend  of  the  side  force  predictions  was  ade¬ 
quate  only  for  low  Mach  numbers  and  low  missile  fineness  ratios. 
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The  recent  developaent  of  highly  maneuverable  missiles  has  prompted 
renewed  interest  in  the  basic  aerodynamics  of  slender  bodies  of  revolu¬ 
tion,  Eistorically,  potential  flow  analysis  has  been  used  to  analyze 
slender  bodies  to  determine  the  associated  forces  and  moaentsj  however, 
the  presence  of  viscosity  has  altered  the  flow  characteristics  dramati¬ 
cally.  Unexpected  side  forces  and  yawing  momenta  at  high  angles  of  attack 
have  been  observed  in  wind  tunnel  tests  of  slender  bodied  missiles. 

Ify  objective  in  this  report  was  to  attempt  to  extend  the  slender-body 
theory  to  relatively  high  angles  of  attack  in  order  to  predict  the  forces 
and  moments  induced  by  steady  asymmetric  vortex  shedding  on  a  slender  mis¬ 
sile  cozifiguration. 
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cal  Engineering,  Aero-Mechanical  Engineering  Department,  for  his  support 
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to  Mr.  Robert  C.  Nelson,  Stability  and  Control  Prediction  Methods  Group, 
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Recent  developments  of  higlily  maneuverable  missiles  capable  of 
operating  at  high  angles  of  attack  have  shown  that  large  unexpected 
aide  forces  and  yawing  moments  occur  due  to  asymmetric  vortex  separation 
from  a  slender  missile  body.  The  objective  of  this  report  was  to  develop 
a  mathematical  model  which  accounted  for  the  viscous  effects  of  the 
k boundary  layer  fluid  that  sheds  as  discrete  vortices,  and  to  predict  the 
forces  and  moments  on  a  missile. 

An  aerodynamic  model  in  the  crossflow  plane  based  on  von  Iferman’s 
vortex  street  theory  was  developed.  The  number  of  vortex  filaments  which 
were  shed  and  the  positions  of  the  filaments  were  determined  from  experi¬ 
mental  data  as  a  function  of  the  crossflow  l-fech  number.  The  Strouhal  num¬ 
ber  was  used  to  relate  time  in  the  crossflow  plane  with  time  to  travel 
along  the  missile. 

I’orce  and  moment  equations  were  developed  using  a  2-D  complex  poten¬ 
tial  flow  field  in  the  crossflow  plane  which  consisted  of  a  doublet  in  a 
free  stream  (crossflow  velocity)  and  a  vortex,  plus  its  image. 

These  equations  were  used  to  compare  transverse  forces  and  moments 
with  experimental  data  to  test  the  mathematical  theory.  The  trend  of  the 
normal  (lift)  forces  was  predicted}  however,  the  trend  of  the  side  force 
predictions  was  adequate  only  for  low  J-Iach  numbers  and  low  missile  fineness 
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AN  ANALYSIS  OF  STEADY  ASYM'ETillC  VORTEX 
SHEADING  PROM  A  :4ISSILS  AT  HIGH  ANGLES  OF  ATTACK 
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I. 


The  Air  Force  and  Navy  are  currently  developing  highly  maneuverable 
misailes  capable  of  operating  at  high  angles  of  attack.  This  develop¬ 
ment  has  prompted  renewed  interest  in  the  basic  aerodynamics  of  slender 
bodies  of  revolution.  These  early  flight  vehicles  flew  relatively  straight 
trajectories  at  low  angles  of  attackj  consequently,  their  aerodynamic  per¬ 
formance  was  predictable  through  the  use  of  potential  flow  analysis  (Ref 
4s 2).  Potential  flow  theory  was  based  upon  inviscid,  incompressible  flow, 
which  predicts  the  lifting  forces  on  a  slender  body  at  low  angles  of  attack 
and  can  be  extended  to  moderate  supersonic  speeds. 

It  was  recognized  by  early  investigators  that  an  attempt  to  extend 
potential  flow  analysis  beyond  small  angles  of  attack  would  require  con¬ 
sideration  of  viscosity  and  would  drastically  alter  the  flow  characteristics. 
The  way  viscosity  altera  the  flow  regime  is  illustrated  in  Fig  1.  Boundary 
layer  separation  causes  an  adverse  crossflow  pressure  gradient  on  the  lee 
side  of  the  body,  and  the  boundary  layer  fluid  "rolls  up"  into  two  cores  of 
concentrated  vorticity.  The  low  pressures  produced  on  the  lee  side  of  the 
missile  increase  the  lift  and  drag  forces  above  those  values  predicted  by 
the  linear  potential  theories  (Ref  4*2). 
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Flow  Separation  on  a  Slender  Body  at  High  Angles  of  Attack 


GAlViffi/73A-13 


This  problem,  which  has  plagued  the  Air  Force  and  Navy  during  the 
recent  development  of  highly  maneuverable  missiles,  is  due  to  the  large 
unexpected  forces  and  moments  that  occur  at  high  angles  of  attack.  These 
forces  and  yawing  ooiaents  were  initially  observed  with  the  missile  mounted 
at  zero  sideslip  during  wind  tunnel  tests  at  high  angles  of  attack,  j. 
was  initially  assumed  that  turbulent  flow  in  the  wind  tunnel  or  possible 
missile  misalignment  was  the  cause  of  these  forces.  It  was  subsequently 
determined  from  tunnel  tests  that  asymmetric  shedding  of  vortices  from  the 
body  caused  these  unexpected  forces.  This  shedding  can  be  symmetrical  or 
asymmetrical,  as  well  as  steady  or  unsteady. 

For  crossflow  over  a  cylinder,  the  vortices  on  the  lee  side  of  the 
cylinder  form  from  the  separated  boundary  layer  fluid.  The  patt-“r“  -rf 
these  vortices  behind  the  cylinder  is  dependent  on  the  Reynolds  number 
(Ref  6),  The  wake  behind  a  missile  is  similar  to  the  wake  which  develops 
behind  a  two»^ia9n3ional  cylinder  as  viewed  in  successive  crossflcw  planes 
along  the  missile.  Initially,  us  shown  In  Section  A  of  Fig  2,  a  pair  of 
vortex  sheets  ore  formed  which  then  roll  up  into  a  pair  of  vortex  linos. 

At  later  cross  sections,  as  shown  in  Section  B  of  Fig  2,  only  a  single 
vortex  sheet  is  formed  which  rolls  up  into  a  vortox  line  near  the  body. 

The  previous  rolled  up  vertex  sheets  appear  as  vortex  linos  in  an  asymmot- 
ricol  pattern  behind  the  missile. 

The  pattern  of  tho  vortex  filaments  (symmetric,  asymmotric)  primarily 
depends  uixsn  the  crossflcw  iieynolds  numicr,  while  tho  cece  shape,  nose 
fineness,  and  overall  fLmcness  ratio  hsva  a  minor  influence  on  the  vortex 
filament  pattern.  At  high  angles  of  attack  and  high  croasflcw  IJawh 
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auobersj  the  vortex  f ilsBseata  vhich  trail  behind  the  laiasile  appear  in 
the  crossflow  plane  to  be  similar  to  a  von  Karaan  vorteSc  street  (Hef  9: 

general,  the  vortex  pattern  can  he  described  by  four  separate 
flew  regimes  as  shown  in  Fig  3.  At  angles  of  attack  from  5  to  25  degrees 
•  syaaetric  vortex  pair  is  shed;  consequently,  no  side  forces  exist. 
Beyond  25  degrees  angle  of  attack,  the  vortex  cores  become  asymmetric 
1^  alternatoly  discharge  from  the  missile  body.  It  has  been  shown  experi 
Mntally  that  when  asyanetrical  vortices  exist,  considerable  side  force 
•ad  yawing  moments  are  produced,  especially  at  subsonic  speeds.  The 
•syimtrio  vortex  pattern  remains  steady  until  an  angle  of  attack  of  50- 
70  degrees.  Here,  the  aayncaetric  pattern  becomes  unsteady  and  alternates 
back  and  forth.  Above  70  degrees  angle  of  attack,  the  flow  pattern  degen 
•rates  into  a  completely  turbulent  wake. 


Fig  2,  Sketch  of  Wake  from  Slender  Cone-Cylinder  at  Largo  Anglo 
of  Attack  (ilef  13:752). 
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Potential  theory  has  been  used  vith  some  success  for  angles  of 
attack  up  to  about  14  degrees.  There  are  several  analytical  techniques 
vhich  give  reasonable  results  for  the  case  of  steady  synmetric  vortex 
shedding,  but  almost  no  work  has  been  done  in  the  area  of  asymmetric  vor¬ 
tices.  A  calculating  technique  for  asymmetrical  loading  must  be  developed 
in  order  to  be  able  to  design  missiles  that  will  be  capable  of  maneuvering 
at  high  angles  of  attack  (Ref  4^4). 

Objective. of  Study 

The  objective  of  this  study  is  to  develop  an  analytical  method  for 
calculating  the  side  force  and  yawing  moment  on  a  missile  at  high  angles 
of  attack  for  the  case  of  steady  asymmetric  vortex  shedding.  The  method 
also  should  be  capable  of  calculating  the  normal  force  and  the  pitching 
moment  on  a  missile  for  the  same  flow  regime. 

The  missile  configuration  studied  will  be  a  cone-cylinder  of  high 
fineness  ratio  without  fins  attached  to  the  missile.  Even  though  the  nose 
shape  has  an  effect  upon  the  magnitude  of  the  side  force  coefficient,  no 
attempt  will  be  made  to  vary  the  nose  fineness  ratio  and/or  bluntness. 

The  flow  field  model  used  for  the  missile  is  the  potential  flow  model 
for  alender  bodies  with  the  addition  of  discrete  vortices.  Using  the 
method  of  matched  asymptotic  expansion,  one  can  show  that  the  potential 
flow  field  can  be  divided  into  an  inner  and  outer  part  (Ref  2:107-113). 

As  a  consequence  of  the  expansions  (or  the  equivalence  rule)  one  can  also 
show  that  for  a  general  slender  body,  only  the  inner  flow  is  needed  to 
calculate  the  transverse  forces  and  moments.  The  inner  flow  is  a  constant 
density  two-dimensional  crossflow  around  a  cylinder,  and  is  independent 
of  the  Mach  number.  In  this  report,  the  crossflow  velocity  has  been  non- 
dimenaionalized  and  is  referred  to  as  crossflow  Jfech  number. 

■n 
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The  potential  flow  used  to  model  the  crossflow  plane  is  that  of  an 
s^panding  cylinder  with  the  addition  of  discrete  vortices.  The  discrete 
vortices  are  introduced  to  model  the  viscous  effect  of  the  boundary  iaye; 
fluid  being  shed  from  the  cylinder  as  the  vortex  sheets  which  roll  up 
into  line  vortices. 

The  succeeding  section  describes  previous  experimental  and  theoreti¬ 
cal  efforts  in  the  symmetrical  and  asymmetrical  vortex  shedding  regimes. 
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n,  Preylotts  ExperlTOntolJCnvea.tiga^lQiig. 

Tboiwon  and  l^brrlaon  perforc^d  extensive  schlieren  studies  and 
yawiBSter  traverses  of  the  wake  behind  a  slender  cone-cylinder  of  high 
fineness  ratio  (greater  than  25)  at  large  angles  of  attack  (Ref  13:751) • 
They  were  able  to  determine  the  number  of  vortex  filaments  shed,  the 
starting  positions,  and  the  circulation  strength,  as  a  function  of  the 
crossflow  ^klch  number. 

Thomson  and  Morrison  have  proposed  a  simple  flow  model  for  describ¬ 
ing  the  asymmetrical  wake  pattern  in  incompressible  flow.  The  flow  model 
is  based  on  a  combination  of  von  Karman’s  vortex  street  theory  and  the 
impulse  flow  analogy  for  describing  the  asymmetrical  wake  pattern.  This 
model  implies  that  the  angle  between  the  body  centerline  and  the  paths 
traced  by  the  shed  vortex  filament  can  be  used  to  determine  the  vortex 
strength,  while  the  spacing  of  the  vortex  lines  is  a  measure  of  the  Strou- 
hal  number  of  the  wake  for  a  circular  cylinder  with  the  same  crossflow 
conditions.  The  flow  model  was  deduced  from  experimental  data  obtained 
by  Thomson  and  Morrison  in  their  earlier  tests;  however,  the  method  could 
not  account  for  compressibility.  The  authors  have  performed  additional 
experiments  to  measure  the  crossflow  Strouhal  number,  vortex  strength, 
and  vortex  starting  positions  in  the  wake  from  a  slender  cone-cylinder 
at  angles  of  attack  over  a  wide  range  of  flow  conditions  (Ref  14tl~l6)* 

Experimental  :v^8sur.ements 

Thomson  and  Morrison  were  able  to  show  from  schlieren  studies  and 
yawmeter  traverses  that  the  wake  behind  a  slender  missile  at  varying 
angles  of  attack  was  generally  steady  for  the  asymmatric  vortex  pattern 
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they  investigated*  Howavoy,  under  certain  conditions,  the  vake  exhib¬ 
ited  an  instability.  They  reported  that  pitot  pressure  plots  were  used 
to  give  them  information  on  the  growth  of  the  wake  vortices,  and  the 
results  of  the  yawmeter  traverses  were  used  to  obtain  vortex  strengths 
to  compare  with  the  values  deduced  from  the  schlieren  study  and  flow 
model  (Hef  14sl).  Ail  of  their  experiments  were  conducted  at  crossflow 
Beynolds  numbers  in  the  subcritical  (1^7.5  x  10^)  range.  Pick  (Ref  11) 
performed  comparable  experiments  at  both  subcritical  and  supercritical 
Reynolds  numbers  for  free  stream  Ifech  numbers  of  0.4  to  1.1.  The  strength 
of  the  wake  vortices  was  found  to  vary  substantially  with  crossflow  Mach 
number.  Von  Karman's  vortex  street  theory  was  combined  with  the  sweep- 
back  principle  to  obtain  estimates  of  the  vortex  strength.  The  wake  was 
analyzed  by  the  use  of  schlieren  photographs  by  means  of  the  impulse  flow 
analogy  and  by  considering  the  vortex  filaments  as  part  of  a  yawed  infin¬ 
ite  vortex  street. 

Schlieren  Studies.  Allen  and  Perkins  (Hef  l)  found  that  a  vortex 
line  becomes  visible  when  viewed  in  a  standard  schlieren  system.  The 
vortex  center  can  be  observed  as  a  boundary  of  regions  of  low  and  high 
light  intensity  which  results  from  the  change  of  sign  of  the  density 
gradient  at  the  center  of  the  vortex.  Fig  2  illustrates  the  vortex  line 
positions  behind  the  missile  as  determined  by  analysis  of  the  schlieren 
photographs.  The  vortex  lines  are  straight  except  for  a  small  portion 
noxt  to  the  missile  body. 

Strouhal  Number  Ifeesurements.  The  Strouhal  number  was  determined 

I 

by  observing  the  pressure  fluctuations  at  a  point  near  the  upstream  stag¬ 
nation  region  of  a  cylinder  mounted  normal  to  the  flow  by  the  use  of  a 
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piezo-electric  transducer.  The  frequency  of  the  pressure  fluctuation  is 
identical  with  the  frequency  of  vortex  shedding  in  the  waksj  thus,  the 
Strouhal  number  can  be  readily  obtained  (Hef  14:5).  These  results  agree 
quite  accurately  with  those  of  Fung  (Ref  5s80l).  Also,  Thomson  and 
Horrison  determined  that  the  Reynolds  nuober  was  not  a  significant  param¬ 
eter  in  the  l-fach  number  range  covered  by  these  tests. 

yake_Trsverse3.  Thomson  and  Mcrrison  performed  six  experimental 
investigations  of  the  flow  within  the  compressible  wake.  They  also  used 
an  experiment  conducted  at  100  ft/sec  by  Griss  (Hef  7)  to  provide  data 
at  incompressible  speeds. 

The  pattern  of  vortices  behind  the  missile  can  be  as  shown  in  Sec¬ 
tion  B  of  Fig  2  or  an  opposite  pattern  (mirror  image)  which  is  primarily 
dependent  upon  the  misalignment  of  the  nose  of  the  missile.  Thomson  and 
Marrison  determined  that  only  a  slight  rotation  of  the  body  about  its 
axis  could  change  the  pattern  from  one  vortex  sequence  to  another.  In 
order  to  preclude  the  alternate  shedding,  the  missile  was  mounted  es  a 
fixed  body  and  the  probe  was  moved  by  the  means  of  a  separate  traversing 
mechanism. 


Strouhal  Nuiber.  The  values  of  the  Strouhal  number  have  been  deter¬ 
mined  by  measuring  values  of  (g‘/d)  from  photographs  and  then  inserting 
(g’/d)  into  the  equation 


c  —  d  Tanoc 

b  -  2g' 


(1) 


where  S  is  the  Strouhal  number,  g*  is  the  distance  between  breakway  points 
of  consecutive  vortices  measured  along  the  body,  d  is  the  body  diameter, 
and  o4  is  the  angle  of  attack. 
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A  curve  generated  froa  data  of  the  Strouhal  auaber  versus  crossflow 
Mach  nufflber  is  shown  in  Fig  4*  %0  measured  value  of  the  Strouhal  nui2t- 
ber  remains  constant  until  the  crossflow  i'&ch  number  reaches  approxiiaoteiy 
0*7,  which  corresponds  to  the  formation  of  shock  waves  on  the  lee  side 
of  the  missile  body.  Then,  the  Strouhal  number  increases  with  increasing 
crossflow  ifech  nuinber.  The  measured  Strouhal  number  of  0.2  for  crossflow 
Mach  numbers  less  than  0.7  is  very  close  to  the  value  for  a  circular  cylin¬ 
der  for  subcritical  Heynolds  number  (Hef  14s 9). 

Psaitioj)_Qf_VQrtey_Br_e3,ka.vay  Points.  As  mentioned  earlier,  the  nose 
misalignment  determines  the  pattern  of  the  vortices,  A  few  degrees  rota¬ 
tion  of  the  body  or  a  slight  change  in  angle  of  attack  can  cause  the  vor¬ 
tices  to  adjust  from  one  pattern  to  another.  Also,  the  entire  sequence 
of  vortices  can  shift  slightly  forward  or  aft  along  the  missile j  conse¬ 
quently,  the  data  analysis  for  the  breakaway  points  contains  appreciable 
scatter  (Pef  13s 768). 

The  starting  position  of  all  vortices  in  the  wake  for  subcritical 
Reynolds  number  is  shown  in  Fig  5,  and  for  supercritical  Reynolds  nuinber 
regime  in  Fig  6.  The  analysis  is  based  on  a  non-dimensional  parametric 
representation  by  the  rearrangement  of  Eq  (l)  which  shows  that  the  spac¬ 
ing  between  vortex  cores  is  related  to  the  shedding  frequency  of  a  circu¬ 
lar  cylinder  in  the  following  equations 


0,5 

d  S  Tano: 


(2) 


Consecutive  vortices  are  spaced  apart  a  distance  g*.  One  can  readily 
observe  in  Fig  2  that  the  first  two  vortex  filaments  are  influenced  by 
the  expanding  portion  of  the  nose  section  of  the  missile.  Thomson  and 
Morrison  observed  from  schlieren  photographs  that  the  strength  of  the 
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Fig.  5*  ■  Starting  Position  of  all  Vortices  in  the  Wake  at 
Subcriticai  Reynolds  Numbers  (From  Ref  13!?7l) 
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first  two  vortex  fila^ients  was  very  weak..  The  dista^nce  separating  the 
third,  fourth,  and  succeeding  vortices  was  found  to  be  largely  independ¬ 
ent  of  the  nose  geometry.  Therefore,  the  spacing  will  be  constant  for 
the  equivalent  von  Karman  vortex  filaments  which  originate  in  boundary 


layer  fluid  from  the  non-expanding  portion  of  the  missile  body. 

Angle  Between  Vortex  Lines  and  Body  Centerline.  The  angle  (  ^  ) 
between  the  body  centerline  and  the  position  of  the  shed  vortex  filaments 
can  be  determined  from  schlieren  photographs  (see  Fig  2) .  The  parameter 
(X  -tan^/tanoc)  can  also  be  determined  from  schlieren  photographs 
as  a  function  of  the  crossflow  Mach  number  as  shown  in  Fig  7.  The  curve 


was  generated  from  data,  and  the  amount  of  scatter  produced  an  error  of 
approximately  2.5^,  which  is  due  to  the  difficulty  of  interpreting  the 
schlieren  photographs.  It  is  readily  observed  that  a  minimum  value  of 
X  occurs  in  the  neighborhood  of  Me  =  0.75,  which  corresponds  to  the 
first  .appearance  of  a  shock  wave. 


Several  techniques  have  been  investigated  which  consider  the  actual 
vortex  structure  to  determine  the  normal  force,  Bryson  (Ref  3)  and  Schindel 
(Ref  12)  have  represented  the  viscous  crossflow  by  a  potential  flow  model 


in  which  a  pair  of  symmetrical  vortices  were  attached  to  the  cylindrical 


cross  section.  They  showed  that  the  motion  and  strength  of  the  vortices 
can  be  computed  for  the  case  of  the  impulsively-started  cylinder  if  the 


separation  points  are  known.  With  the  aid  of  the  impulse  flow  analogy, 
the  time  (t)  can  be  replaced  withX/V  COS  oC  j  therefore,  the  position 
and'  strengths  of  the  vortices  can  be  computed  for  each  axial  station  along 
the  missile  body.  From  this  information  the  normal  force  can  be  determined 
(Ref  4:3) . 
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Piek  (Ref  H)  an<3  K?ouo8  (Ref  8)  caasm'ed  aldo  forests  esacclstsil 
with  8aytE3stric  vortex  shedding,  additional  uapsblisfeed  data  was  obtained 
by  the  Air  Force  Flight  Bynacdcs  Laboratory.  Srouae  invostiroted  the 
flow  around  a  tangent-ogive  cylinder  with  nose  length-to-dlasster  ratio 
of  4*89  ard  overall  fineness  ratio  of  10  for  l&ch  nuMjera  of  0.55  and 
0*80  with  a  crossflow  Reynolds  nuaber  of  4*5  x  10^  to  8.0  x  10^.  Pick 
conducted  similar  investigations  for  ogive-cylinders  with  various  nose 
bluntnesses  and  overall  fineness  ratio  of  about  11,  and  for  free  stream 
Mach  numbers  from  0.5  to  1.1.  Both  Krouse  and  Pick  used  missile  shapes 
of  much  leas  fineness  ratio  than  Thomson  and  !-forrison.  Xrouse  measured 
aide  forces  that  were  approximately  60  to  70  per  cent  of  the  values  of 
the  normal  lift  force  on  the  missile  at  angles  of  attack  between  30-40 
degrees.  Pick  studied  the  effects  of  nose  fineness  and  bluntness  ratio 
on  the  magnitude  of  the  side  forces  produced  by  asymmetrical  flow  separa¬ 
tion  on  ogive-cylinder  bodies.  He  concluded  that  an  increase  in  the 
fineness  ratio  resulted  in  an  increase  in  the  side  force,  and  conversely, 
an  increase  in  the  nose  bluntness  resulted  in  a  decrease  in  the  maximum 
side  force.  Pick  concluded  that  the  induced  side  forces  con  be  dramatically 
reduced  by  generating  a  turbulent  boundary  layer,  which  results  in  delayed 
separation. 

In  the  following  sections  an  approximate  flow  field  model  will  be 
postulated  so  that  the  position  and  strength  of  the  rolled  up  vortex 
sheets  may  be  calculated.  Next,  from  slender  body  theory,  the  equations 
required  to  calculate  the  transverse  forces  and  moments  acting  on  the 
missile  will  be  developed.  Finally,  the  equations  will  be  applied  to 
calculate  the  forces  and  moments  for  several  missile  configurations  and 
the  results  compared  to  experimental  data. 
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Sxparicsnts  by  thsssoa  end  ISsrrlsoa,  ?ick|  and  others  indicate  that 
vortex  separation  froa  the  body  of  a  aissila  is  basically  a  crossflow 
pheaoaeaoa  and  that  its  effect  on  the  aerodynaaic  characteristics  of  a 
slender  body  can  be  analyzed  by  en  inviscid  acdol  baaed  on  the  approxi- 
aatious  of  slender  body  theory.  A  two-diaenaionol  solution  in  the  cross- 
flow  plane  hes  been  the  classical  analytic  technique.  This  investigation 
will  use  an  inviscid  theory  that  is  capable  of  evaluating  the  vortex- 
induced  forces  and  noseats  on  a  slender  axisysaetric  body  exhibiting 
steady  asyaaetric  vortex  shedding. 

The  wake  behind  the  nissile  at  high  angles  of  attack  exhibits  the 
same  behavior  as  that  behind  a  two-dinansional  cylinder  of  finite  length. 
V/hen  a  circular  cylinder  is  suddenly  accelerated  from  rest  to  a  speed  V 
in  a  fluid  (Mach  nunbor  snail  compared  to  unity),  it  is  observed  that  the 
initial  flow  field  ia  trrotational,  but  very  soon  after  starting,  the 
boundary  layer  separates  at  the  rearward  stagnation  point.  These  two 
separation  points  propagate  synmetrically  sway  from  the  sides  of  the 
cylinder,  rihen  these  boundary-layer  separation  points  reach  a  certain 
angular  distance  around  the  sides  of  the  cylinder,  two  regions  of  vortic- 
ity  break  away  from  the  boundary  layer  and  move  downstream,  beginning  the 
formation  of  a  wake.  This  description  applies  for  Heynolds  number  (He  = 
Ud/v)  greater  than  about  5.  At  lower  He  no  wake  is  formed  as  the  flew  is 
governed  primarily  by  viscous  forces  (Stokes'  flow).  Further  development 
of  the  woke  depends  on  He,;  for  50  <  Re  <  100  an  antisymmetry  builds  up 
quickly  and  regular  eddy  shedding  (von  Karraan  vortex  street)  begins.  For 
Re  >  10  ,  the  alternate  eddy  shedding  begins  but  is  rapidly  superseded 


18 


by  a  completely  turbulent  flow  in  the  wake  (Ref  3) «  The  analyaia  in  this 
report  is  concerned  with  antisyaaetric  shedding* 
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The  oajor  assumptions  used  in  developing  the  analysis  are: 

a.  The  vortex  sheets  roll  up  into  vortex  lines  of  constant  strength. 

It  has  been  observed  that  a  vortex  sheet  that  is  shed  from  the  cylinder 
rolls  up  within  a  distance  of  one  diameter}  consequently,  it  seems  plausi¬ 
ble  to  model  the  shed  vortex  sheet  as  a  line  of  constant  strength.  Also, 
the  vortex  sheet  that  is  attached  to  the  missile  will  be  modeled  as  a 
filament  line  at  the  edge  of  the  vortex  sheet  that  has  the  same  strength 
as  the  other  vortex  lines. 

b.  It  is  assumed  that  an  empirically  modified  vortex  street  analysis 
will  properly  predict  the  strengths  and  position  of  the  rolled  up  vortex 
sheets.  Since  it  is  observed  that  the  vortex  sheets  roll  up  in  the  wake 
of  the  missile  and  appear  as  stationary  lines  in  schlieren  photographs 

(Ref  13:784) j  a  von  Karman  vortex  street  analysis  will  be  used.  The  results 
of  measurements  from  the  schlieren  photographs  will  be  used  in  conjunction 
with  vortex  street ‘analysis  to  estimate  the  strength  and  position  of  the 
rolled  up  vortex  sheets. 

0.  It  is  assumed  that  even  for  high  angles  of  attack,  slender  body 
theory  will  give  approximate  equations  to  calculate  the  transverse  force 
and  momenta  if  the  small  angle  approximation  is  modified  by  using  the 
sine  and  cosine  functions. 

d.  Compressibility  effects  can  be  neglected.  The  assumption  of 
constant  density  will  be  made  since  slender^  body  theory  in  the  crossflow 
plane  and  the  von  Karman  vortex  street  analysis  is  one  of  constant  density. 
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A  result  of  slender  body  theory  is  that  the  flow  in  the  crossflow  plane 
is  independent  of  I-Jach  nuaber,  and  that  the  transverse  forces  and  laoaents 
depend  only  on  the  flow  in  the  crossflow  plane. 

A  sketch  of  the  vortex  system  behind  a  slender  cone-cylind jr  at  an 
angle  of  attack  is  shown  in  Fig  8.  The  f3.ow  pattern  will  be  analyzed  by 
considering  the  vortex  pattern  to  be  a  steady  yawed  vortex  street  for 
which  vortex  street  theory  may  be  applied. 

Starting  Positions  of  the  Vortex  Lines.  The  parameter  for  describ¬ 
ing  the  periodic  shedding  of  vortices  from  a  circular  cylinder  in  two 
dimensions  is  the  Strouhal  number  (S), 

S  =  (3) 

where  n  is  the  frequency  of  shedding  vortices  of  like  sign,  d  is  the 
diameter  of  the  cylinder,  and  U  is  the  velocity  of  the  cylinder  relative 
to  the  free  stream.  Considering  a  cylinder  yawed  at  an  angle  ( oC )  to 
the  free  stream  velocity  (V),  the  velocity  at  right  angles  to  the  cylinder 
is 

\]  -y  6ln  oc  (4) 


and  hence 


c  —  nd 

V  sinoi. 


(5) 


In  2-D  theory,  l/n  represents  the  time  interval  between  the  instants  of 
shedding  of  vortices  of  like  sign;  here  the  interval  is  taken  as  the  time 
for  the  component  of  flow  along  the  body  (V  COS  oC)  to  travel  a  distance 
2g*.  Thus 
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where  g’  is  the  distance  between  successive  vortex  lines. 

The  starting  position  of  the  vortex  lines  for  two  different  experi¬ 
mental  tests  are  shown  for  subcritical  Reynolds  number  in  Fig  5  and  for 
supercritical  Reynolds  number  in  Fig  6  as  gi/d  S  tan  oC  versus  the  cross- 

flow  Mach  number,  where  i  =  1,  2,  3,  .  i.  e.,  (the  first,  second, 

and  succeeding  vortex  line  starting  positions  from  the  nose  of  the  missile) . 
Since 


^  5  Tan  od  =  ^  (8) 

the  non-dimensional  distance  between  vortex  lines  should  be  f,  which  is 
approximately  true  for  the  distance  between  the  third,  fourth,  and  subse¬ 
quent  vortex  lines.  The  starting  positions  of  the  first  two  vortex  lines 
are  greatly  influenced  by  the  nose  shape  of  the  missile  which  has  an 
expanding  diameter.  Also,  the  fact  that  the  first  two  vortex  lines  have 
a  tendency  to  be  shed  as  a  symmetrical  pair,  rather  than  alternately, 
influences  the  starting  positions.  This  behavior  is  the  same  as  that  for 
a  cylinder  in  crossflow  at  sufficiently  low  Reynolds  number. 

Strength  of  the  Vortex. Lines.  The  strength  of  the  vortex  linos  con 
be  approximated  by  using  vortex  street  theory,  A  vortex  street  consists 
of  two  parallel  infinite  rows  of  line  vortices  of  uniform  spacing.  Alter¬ 
nate  vortices  have  opposite  signj  the  spacing  between  rows  in  the  cross 
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section  view  are  shown  in  Fig  8.  In  vortex  street  analysis  for  :*.ncoa- 
pressible  two-dinensional  flow,  the  self "induced  transport  velocity  (Ug) 
of  the  vortex  street  normal  to  the  vortex  lines  is  given  by 

where  p  is  the  vortex  strength  and  Ig  is  the  distance  between  vortices 
of  like  sign  aeesured  normal  to  the  vortex  lines.  Theory  also  shows  that 
an  array  of  two  parallel  rows  of  vortex  lines  will  be  stable  if  the  spac¬ 


ing  ratio  is 


-  0.281 


where  h  is  the  distance  between  the  infinite  parallel  rows  of  vortices. 
Since  the  vortex  lines  are  stationary,  the  self -induced  velocity  must 
be  countered  by  the  component  of  the  free  stream  velocity  normal  to  the 
vortex  lines  as  follows: 

H  z:  V  sin  (u) 

Jk-om  the  geometry  in  Fig  8,  the  following  relations  can  be  deduced; 


\  =  1  cos 

=  -fV 

Equating  Eqs  (9)  and  (ll)  and  using  Eqs  (lO,  12,  and  13)  gives 


-  r  cothfyg)  ^ 

Vdsinc<  \  d 

or  upon  using  Eq  (9) 


COS 


(^)Tan^ 


r 

Vd  sinc< 


“coth  (v/r)  -|  CO 5^  a) 
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Tan  ^ 
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Th®  peranater  T/V  d  SiH  Qi  (nondioansional  vortex  strength)  can  be 
deteroined  if  the  values  of  the  Strouhal  number  and  the  angle  ^  between 
the  vortex  lines  and  the  missile  are  known  for  a  given  angle  of  attack. 
The  value  of  Strouhal  number  as  a  function  of  the  crossflow  l&ch  nunijer 
can  be  determined  experimentally  as  shown  in  Fig  4.  Also,  the  parameter 
^  as  a  function  of  the  crossflow  I-fech  number  can  be  determined  experi¬ 
mentally  from  schlieren  photographs,  as  shown  in  Fig  7,  where 


y  ~  Tan ^ 
^  ”  Tanc4 


(16) 


Using  the  experimental  values  of  Strouhal  number  (S)  and  the  parameter 
as  a  function  of  crossflow  Mach  number  from  Fig  7,  the  value  of 
r/v  d  since  can  be  computed  using  Eq  (15).  The  nondinensional  vor¬ 
tex  strength  as  a  function  of  the  crossflow  Ifech  number  and  angle  of 
attack  is  shown  in  Fig  9.  Thomson  and  l-brrison  (Ref  13:774)  displayed 
a  similar  plot  of  vortex  strength  estimated  from  schlieren  photographs 
and  wake  traverses  for  a  30  degree  angle  of  attack.  It  can  be  seen  from 
Fig  9  that  the  vortex  strength  increases  with  increased  crossflow  Mach 
number  (M^)  to  a  maximum  value  at  0.75,  and  then  decreases.  The  peak 
value  corresponds  to  a  Mach  range  where  compressibility  effects  begin 
to  be  significant.  It  is  observed  that  as  the  angle  of  attack  is  increased, 
the  magnitudes  of  the  nondimensional  vortex  strength  decrease  in  value. 

Calculation  Procedures.  From  the  above  aerodynamic  flow  field  analy¬ 
sis,  the  position  and  the  strengths  of  vortex  filaments  in  the  wake  of  a 
miaaile  at  a  high  angle  of  attack  may  be  determined.  For  a  given  missile 
operating  nt  a  specified  angle  of  attack  and  crossflow  Mach  number,  if 
one  proceeds  according  to  the  following  stops,  the  position  and  strength 
of  each  vortex  line  con  be  calculated. 
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Step  1  Obtain  missile  geometry,  angle  ot  attack  (oC),  and  the 
crossflow  Mach  number. 

Step  2  Determine  the  Strouhal  number  from  Fig  4. 

Step  3  Determine  the  starting  position  of  the  first  three  vortex 
'  lines  from  Fig  5  if  aubcritical  Reynolds  number,  or  Fig  6 

for  supercritical  Reynolds  number.  Then  determine  the  start- 

.  % 

ing  position  of  the  subsequent  vortices  using  equation 

nV  -  d _ 


•  ZSTana 

step  4  Determine  the  angle  ^  from  Fig  7  and  Eq  (17) . 
.Step  5  Determine  the  vortex  strength  according  to 

_r^rcoth(y2||.cos'(^jTan(^)  Tani 

« 

Step  6  Finally,  determine  1  and  h  from 


(8) 


Tanc< 


(15) 


I  ~  2  9*  Tan  dc  (17) 

(K)  . 

^orce_and  Moment.  Fouations. 

As  a  result  of  slender  body  theory,  the  transverse  force  and  moments 
acting  on  the  missile  can  be  calculated  if  the  incompressible  tvo-dimen- 
sional  potential  field  for  the  crossflow  plane’  is  known.  The  potential 
field  for  the  crossflow  plane  as  a  function  of  distance  (X)  along  the 
missile  body  can  be  related  to  the  two-dimensional  unsteady  wake  develop- 

went  behind  a  cylinder  (Ref  3:643).  Thus,  if  one  imagines  a  plane  fixed 
in  the  fluid  perpendicular  to  the  misrile  axis,  then  as. the  missile  pierces 
this  plane,  the  time  required  to  traverse  a  distance  X  along  the  missile 

body  is  given  by  t  =  X/{V  cos  cC),  where  oCis  the  angle  of  attack.  The 
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tiae  in  the  two-diraensionel  unsteady  la’oblen  is  therefore  related  to  the 
distance  along  the  missile  in  the  slender  body  problem. 

For  the  problem  of  a  tvo-dimensional  unsteady  vake  development  behind 
a  cylinder,  a  force  can  be  calculated  as  a  result  of  the  impulse  produced 
by  a  pair  of  vortices  of  equal  and  opposite  strength  j7  ,  vhich  are  a  com¬ 
plex  distance  apart.  The  instantaneous  force  per  unit  length  for  a  system 
without  potential  energy  is  equal  to  the  instantaneous  time  rate  of  change 
of  linear  momentum.  For  a  vortex  pair,  the  total  Kelvin  impulse  per  unit 
length  is  equal  to  the  linear  momentum  (Ref  2:45). 

For  the  2-D  potential  flow  field  in  the  crossflow  plane  cr>  consist¬ 
ing  of  a  doublet  in  a  free  stream  (crossflow  velocity)  and  a  vortex  plus 
its  image  as  shown  in  Fig  10,  the  transverse  force  equations  can  be  devel¬ 
oped. 


\/  sinoC  Position  of  image  vortex  =  R  £ 

r, 


Fig,  10.  Crossflow  Plane 


Transverse  Force  Equations.  Using  slender  body  theory  (Ref  2:119- 
123),  the  force  per  unit  length  acting  on  the  body  cross  section  is  equal 
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to  the  time  rate  of  change  of  crossflow  momentum  vector  per  unit  body 
length: 


dF„_^ 

■ax  -  dt 


(19) 


where 


^  i:-ptb<^nds 


(momentum  vector) 


(j)  (X,  Y,  Z)  ZI  perturbation  potential  in  the  CT  plane 

V  n  V  sinod  k  +  V  CO  cc  t  + 


The  integral  in  the  expression  for  the  momentum  vector  is  to  be  taken 
around  the  instantaneous  body  cross  section.  Since 


V  cosoc  dt  n  dx 


(20) 


then, 


Bty  integrating  over  the  body  length  the 
and  yaw)  acting  on  the  missile  is 


/ 

A  n  ds  (21) 

‘'CBW) 

total  transverse  force  (normal 


F  =  jOV  cosc^  ’I  n  ds 


(22) 


/cBCt.) 

where  CB  indicates  that  the  integral  is  to  be  evaluated  at  the  base  cross 
section.  It  is  assumed  that  the  initial  value  of  the  force  is  zero  and 
that  the  integral  of  the  potential  along  the  length  of  the  missile  is  con¬ 
tinuous.  If  the  potential  is  not  continuous  along  the  body  of  the  missile, 
then  the  total  force  must  be  found  as  the  sum  of  incremental  values.  Also, 
since  the  force  is  linear  in  the  perturbation  potential,  the  effect  of  the 
addition  of  more  elements  in  the  potential  can  be  found  by  superposition. 
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Expressing  the  force  in  terns  of  coiaplex  variables  8n(3  letting 

(f)  -  V5(nc<  ^  ( 


f  -  Y  +  i2  n-ipV  cos  <p  dcr 


/ 

+  i  p  V  cos  cx:  o  V  si  n  c(  Z  dcr  (24) 


Y  +  i?  n: -ipvcosc(A(^dcr-ipVcoso^5inoc7rR  (25) 

‘xa 

Introducing  the  complex  potential  M’  ( 0“ )  for  the  related  flow  which  has 
8  zero  normal  velocity  at  the  contour  and  a  velocity  at  infLnity  of  V 

sin  oC  t 


Y  +  i  Z  n  -  i  P  V  cosof  ()  w'jcr  do* 


-  i  p  cost^sinof  ir  R  (26) 


where 


The  potential  '  can  be  replaced  by  W*  (  O")  since  the  stream  function 
\j/^  is  constant  along  the  cross  section  contour.  For  the  complex  -potential 


WV  =i  Vsinc4 


0--  ..^Lo-q]  -  ln[cr-SUlricr  (JS) 

(T  d'>  \  ^ii 


The  potential  for  a  missile  of  circular  cross  section  consists  of  a  doub¬ 
let  in  the  crossflow  stream,  a  vortex,  and  its  image.  Evaluating  the  con¬ 
tour  integral  for  the  path  shown  in  Fig  10  yields 


W;  crldcr 2‘7ri  -  ^  V  s i  nc^  ^  f-o;'  t 
\  /  Zir  •  or 


jhen  the  forces  are 

Y+  \Z  ~  iTTR^p  sin<5^cos«K“iPVcos<^r[cr  + -Sf 


ttR  p  V  sin<s^cos«K“ipVcos<<r'qr  + (3o) 

■Of 


or  in  coefficient  form 


f\  —  Y  —  2  P  cos<<  p  I  _  5^  (51) 

^  ~  UZp^F^  "  ifF^V  •  ■'  ■ 


^  H 


r,=sin2c6  +  I 


02*1 

- 5inS  (32) 

M 


The  small  angle  approximation  has  not  been  made  in  the  above  equa¬ 
tions*  The  normal  force  equation  contains  two  terras,  where  the  sin2cC 
is  the  typical  slender  body  result  (if  the  body  is  cylindrical)  an  3  the 
other  terra  is  due  to  a  vortex  and  its  image.  The  yaw  force  equation  has 
a  term  only  due  to  the  vortex  and  its  image.  The  terms  for  the  vortex 
forces  in  the  above  equations  are  equivalent  to  the  equations  of  Nielsen 


(Ref  10:101), 


nations.  In  a  similar  manner,  the  equations  for  the  moment 


coefficients  can  be  developed.  The  moment  coefficient  equations  are 


c,  =  V  ■  Xi  -  c,i 

f — r 
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where  the  index  i  indicates  the  increaental  force.  The  distances  are 
evaluated  at  selected  crossflow  planes  over  the  length  of  the  missile 
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If,  ConPorison.Qf,  Results, 

The  primary  objective  of  this  study  was  to  derive  a  slender-body 
mathematical  model  to  predict  the  forces  and  moments  on  a  slender  mis- 
sile  configuration  at  angles  of  attack  where  asymmetric  vortex  shedding 
occurred.  Results  of  these  calculations  were  compared  with  existing 
experimental  data  to  test  the  validity  of  the  mathematical  theory. 

Experimental  data  available  for  comparison  of  the  calculated  normal 
and  side  force  coefficients  vjaa  obtained  from  Krouse  (Ref  8) ,  Pick  (Ref 
11),  and  unpublished  data  from  the  Air  Force  Plight  Dynamics  Laboratory. 
Schematic  diagrams  of  the  missile  configurations  tested  are  shown  in 
Figures  11  and  12,  page  34,  and  Fig  13,  page  35.  Figures  14-21  (pages 
36-43)  show  the  calculated  and  experimental  side  force  coefficients,  and 
Figures  22-24,  pages  44-46,  compare  normal  forces.  The  first  compari¬ 
sons  were  made  with  data  obtained  by  Pick  on  a  small  fineness  ratio  mis¬ 
sile  configuration.  As  can  be  seen  in  Figures  14,  15,  and  16,  the  side 
forces  agree  adequately  for  angles  of  attack  up  to  approximately  36-38 
degrees.  Then,  the  slender-body  model  breaks  down  and  the  calculated 
curves  depart  dramatically  from  the  experimental  values.  Also,  at  higher 
free  atream  >fech  numbers  (Fig  17),  the  calculated  values  of  side  force 
are  inaccurate.  The  slender-body  theory,  due  to  compressibility  effects, 
cannot  be  readily  extended  to  high  angles  of  attack  without  empirically 
determined  correction  factors  applied  to  the  model. 

Another  contributing  factor  at  angles  of  attack  greater  than  35 
degrees  is  that  g'  (the  spacing  between  alternate  vortex  filaments) 
decreases  in  length  rapidly  as  the  angle  of  attack  is  increased.  This 
shifts  the  vortex  linos  forward  toward  the  nose  of  the  missile,  and  also 
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causes  an  incresse  in  the  number  of  filaments  uhich  are  shed*  When  an 
odd  number  of  vortex  filaments  are  shed,  the  aide  forces  are  apparently 
altered  sufficiently  that  divergence  from  the  predicted  results  occurs. 

Results  from  models  of  high  missile  fineness  ratio  are  plotted  in 
Fig  18  (Model  #3) ,  Figures  19  and  20  (>bdel  #4) ,  and  Fig  21  (J-bdel  ^5) ; 
consequently,  many  vortex  filan^nts  are  shed  due  to  the  increased  mis¬ 
sile  body  length.  It  was  found  that  at  the  higher  free  stream  Ibch  num¬ 
bers  the  calculated  values  of  aide  force  (Figures  20  and  21)  tend  to  dis¬ 
play  discontinuities. 

The  plots  in  Fig  20  were  determined  by  shifting  the  starting  posi¬ 
tions  of  the  vortex  lines  along  the  missile  body  axis  to  show  the  sensi¬ 
tivity  that  results.  Each  succeeding  vortex  filament  sheds  on  opposite 
sides  of  the  missilej  consequently,  the  side  forces  induced  on  the  missile 
are  of  opposite  sense.  Also,  a  shift  in  the  starting  position  of  the 
vortex  lines  can  alter  the  total  number  of  vortex  filaments  shed  which 
can  result  in  a  change  of  the  total  induced  side  force.  However,  the 
total  normal  force  ia  leas  sensitive  to  this  shift  because  each  left  and 
right  handed  filament  alwaya  produces  a  positive  normal  force. 

The  final  set  of  data  waa  obtained  from  Krouse  (Hef  8)  from  a  free 
stream  Mach  number  of  0.55  and  0,8.  Krouse  divided  the  absolute  values 
of  the  side  force  coefficient  by  the  lift  coefficient  and  plotted  these 
values  versus  the  angle  of  attack.  Krouse  measured  side  forces  that  were 
approximately  60-70  per  cent  as  large  as  the  lift  force  on  his  tunnel 
model.  The  results  are  plotted  in  Fig  18,  Krouse 's  model  displayed 
similar  characteristics  for  a  high  missile  fineness  ratio  model. 

The  normal  force  distribution  (lift),  which  includes  a  term  from 
alendor-body  theory,  gives  reasonably  accurate  rcsulta  when  compared  with 
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experimental  data  as  shown  in  Figures  22-24-  Again,  at  the  higher  angles 
of  attack  (greater  than  40  degrees)  and  at  greater  free  s-cream  I-fach  num¬ 
bers,  the  extension  of  the  slender-body  model  becomes  inadequate.  Shock 
vaves  in  the  flow  field  ora  evidently  weak  until  the  crossflow  ^fach  num¬ 
ber- exceeds  about  0.7.  Below  this  value,  the  drag  is  predominately  due 
to  the  wake  vortices,  but  wave  drag  becomes  progressively  more  important 
for  high  I-Sach  numbers. 


I 

1  : 
1 
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Side  Force  Coefficient  Vs  Angle  of  Attack  for  Free  Stream  Mach  No 


ig.  16.  Model  #2.  Side  Force  Coefficient  Vs  Angle  of  Attack  for  Free  Stream  Ifech  No 


Model  #3*  Absolute  Side  Force  Coefficient  Divided  by  the  Lift  Coefficient  Vs 
Annie  of  Attack  for  Free  Stream  Mach  No.  =  0.55 


Theory 


Coefficient  Vs  Anprle  of  Attack  f( 


Theory 


Theory 


ATTACK  (DEGREES) 


Theory 


#5.  Normal  Force  Coefficient  Vs  Angle  of  Attack  for  a  Free  Stream  Mach 
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V.  Cpngj^lgas. 

a.  The  njathenatical  model  is  extremely  sensitive  to  the  angle  of 
attack,  free  streen  Mach  number,  and  missile  fineness  ratio, 

b.  Any  mathematical  model  will  have  to  rely  heavily  upon  experi¬ 
mental  data  to  determine  the  starting  positions  and  vortex  strengths  of 
the  shed  vortex  sheets.  The  model  used  in  this  report  assumed  a  constant 
vortex  strength^  however,  if  the  last  filament  has  not  fully  developed, 
the  strength  will  not  be  the  sane, 

c.  The  model  predicts  the  trend  of  the  side  forces  adequately  for 
low  Mach  numbers  and  low  missile  fineness  ratios,  but  as  the  fineness 
ratio  or  free  stream  i-Iach  number  increases,  the  predicted  results  become 
inadequate. 

d.  The  normal  force  predictions  are  relatively  accurate  within  the 
angle  of  attack  and  l‘iach  number  regimes  studied  in  this  report, 

e.  The  sensitivity  of  the  starting  position  of  the  vortex  filaments 
has  a  dramatic  effect  upon  the  calculated  side  force  coefficients. 

f.  The  accurate  prediction  of  the  starting  positions  of  the  first 
two  vortex  filaments  is  necessary  for  various  nose  geometries  and  missile 
fineness  ratios. 

g.  The  contribution  of  the  wake  formation  due  to  the  nose  section 
of  the  missile  is  not  understood}  however,  Pick  (Sef  ll)  has  shown  that 
a  turbulent  boundary  layer  reduces  the  magnitude  of  the  side  force  con¬ 
siderably,  Thus,  an  effective  way  to  minimize  the  side  force  effect  is 
to  use  small  fineness  ratio  or  high  bluntness  ratio  nose  sections  and 
induce  a  turbulent  boundary  layer  on  the  surface. 
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V.  Cgn^xaalons. 

a*  The  icathensatiical  model  is  extremely  sensitive  to  the  angle  of 
attack,  free  stream  I'-iach  number,  and  missile  fineness  ratio. 

b.  Any  mathematical  model  will  have  to  rely  heavily  upon  experi¬ 
mental  data  to  determine  the  starting  positions  and  vortex  strengths  of 
the  shed  vortex  sheets.  The  model  used  in  this  report  assumed  a  constant 
vortex  strength j  however,  if  the  last  filament  has  not  fully  developed, 
the  strength  will  not  be  the  same. 

c.  The  model  predicts  the  trend  of  the  side  forces  adequately  for 
low  Mhch  numbers  and  low  missile  fineness  ratios,  but  os  the  fineness 
ratio  or  free  stream  Mach  number  increases,  the  predicted  results  become 
inadequate. 

d.  The  normal  force  predictions  are  relatively  accurate  within  the 
angle  of  attack  and  Mach  number  regimes  studied  in  this  report, 

e.  The  sensitivity  of  the  starting  position  of  the  vortex  filaments 
has  a  dramatic  effect  upon  the  calculated  side  force  coefficients. 

f.  The  accurate  prediction  of  the  starting  positions  of  the  first 
two  vortex  filaments  is  necessary  for  various  nose  geometries  and  missile 
fineness  ratios. 

g.  The  contribution  of  the  i?ake  formation  due  to  the  nose  section 
of  the  missile  is  not  understood;  however.  Pick  (Pef  11)  has  shown  that 
a  turbulent  boundary  layer  reduces  the  magnitude  of  the  side  force  con¬ 
siderably.  Thus,  an  effective  way  to  minimize  the  side  force  effect  is 
to  use  small  fineness  ratio  or  high  bluntness  ratio  nose  sections  and 
induce  a  turbulent  boundary  layer  on  the  surface. 


m/xs/iik-'o 


o 
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h*  The  discrepancies  at  the  higher  Mach  numbers  are  due  to  the 
unknown  size  of  the  wave  drag  which  ia  produced  by  shock  waves  in  the 
flow. 

Unfortimately,  there  is  little  quantitative  experimental  data  avail¬ 
able  to  determine  the  root  causes  and  effects  of  asymmetrical  vortex 
wakes  behind  a  missile  in  the  Ifech  number  and  Reynolds  number  regimes 
investigated  in  this  report.  Therefore,  the  validity  of  the  theory  and 
subsequent  developed  mathematical  model  cannot  be  completely  verified. 

The  results  obtained  indicated  that  the  method  yields  reasonable  results 
for  low  fineness  ratio  missile  configuration  for  angles  of  attack  (cC) 
up  to  40  degrees.  Based  on  the  success  for  the  low  fineness  ratio  mis¬ 
sile  configurations,  the  model  might  be  extended  to  higher  fineness  ratio 
missiles,  provided  suitable  experimental  data  become  available  to  permit 
empirical  prediction  of  the  location  of  the  vortex  separation  points. 


k. 


h 
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VI.  R?^T3mga^st;.iQaa 

The  problea  of  asymmetric  vortex  shedding  definitely  varrants  fur¬ 
ther  investigation  since  there  are  many  unanswered  questions  concerning 
the  stability  and  control  of  a  missile  which  may  operate  at  large  angles 
of  attack. 

At  this  time  there  are  no  analytical  techniques  for  quantitatively 
describing  the  side  forces  and  yawing  moments  induced  on  a  slender  mis¬ 
sile  at  relatively  high  angles  of  attack.  Therefore,  the  proposed  model, 
which  was  based  upon  slender-body  theory  and  vortex  street  analysis, 
could  possibly  be  refined  for  various  missile  configurations  provided  a 
systematic  study  is  made  to  determine: 

a.  The  effects  of  nose  bluntness,  fineness  ratio,  and  overall  mis¬ 
sile  fineness  ratio  on  the  starting  position  of  the  vortex  filaments 

b.  Vftiether  at  subsonic  free  stream  flight  speeds,  soma  typo  of 
equivalent  Kutta  condition,  which  influences  the  breakaway  position  of 
the  vortex  filaments,  prevails  at  the  base  of  a  finite  missile 

c.  The  angle  of  attack  ranges  and  free  stream  Mach  numbers  which 
characterize  a  particular  wake  flow  phenomena  (steady,  unsteady,  symmetric, 
asymmetric,  and/or  turbulent) 

d.  If  the  diameter  of  an  aft-mounted  sting,  which  has  nearly  the 
same  diameter  as  that  of  the  tunnel  model  being  tested,  alters  the  flow 
field  significantly  since  the  missile  now  has  a  higher  fineness  ratio 
than  the  simulated  free-flight  model 

e.  The  accuracy  of  the  circulation  strength  of  the  vortex  filaments 

f .  The  effects  of  the  vortex  induced  flow  field  on  the  roll  moment 
above  what  is  normally  experienced  on  a  finned  missile  configuration 
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